In this article, the properties of being ℵ0-classes of a full ℓ-group, the set of polars of an ℓ-group, the complemented ℓ-ideals of a complete ℓ-group, the set of invariant elements of a dimension ortholattice, and pseudocomplemented semilattices are studied from the perspective of model theory and their relations to strongly algebraically closed lattices are obtained.
Introduction
Systematic study of universal algebraic geometry is done in a series of articles by V. Remeslennikov, A. Myasnikov and E. Daniyarova in ( [2] [3] [4] [5] ). In [12] J. Schmid studied algebraically closed and existentially closed distributive lattices. He proved that any Boolean lattice is algebraically closed. J. Schmid asked about the situation in which a distributive lattice is strongly algebraically closed. In [10] we defined the notion of strongly algebraically closed lattices and proved that if such a lattice is also complete Boolean and q ′ -compact, then it is strongly algebraically closed. The current paper continues the study of [10] . We suggest [7] [8] [9] , [11] , and [13] in order to give a precise definition of the notion algebraically closedness of model theory and Boolean algebras.
In Section 1, it is proved that if the lattice of the ℵ 0 -classes Cl(G) of a full ℓ-group G is complete and q ′ -compact, then Cl(G) is a strongly algebraically closed lattice. Also, we prove that, if the set of polars P(G) of an ℓ-group G is q ′ -compact, then P(G) is a strongly algebraically closed lattice. At the end of this section, we will show that, if the complemented ℓ-ideals of a complete ℓ-group is q ′ -compact, then it is a strongly algebraically closed lattice. In the final section of this paper we study some interesting applications of strongly algebraically closed lattices about pseudocomplemented semilattices and the set of invariant elements of a dimension ortholattice.
noted Rad A (S), and V A (S) is the set of solutions of
It is said that two lattices L and K are geometrically equivalent, if for any system S, we have 
By a Boolean lattice we mean a complemented distributive lattice. By a Boolean algebra we mean a Boolean lattice together with the unary operation of complementation.
A lattice L is called algebraically closed, if any finite consistent system of equations with coefficients from L, has a solution in L. A system S with coefficients in L is called consistent, if there is an extension K of L, such that S has a solution in K. One can generalize this definition to an arbitrary class of lattices. A lattice L in a class X is said to be strongly algebraically closed if every system (not necessarily finite) of equations with parameters in L which has a solution in some extension K ∈ X, has already a solution in L (see [10] and [12] , for more details).
A group G is called partially ordered group if G is a additively group and the same time a partially ordered set such that for all x, y, z ∈ G x y =⇒ x + z y + z and z + x z + y.
In addition if G is a lattice, then G is called a lattice ordered group (we write shortly ℓ-group).
Let us denote the positive cone of a partially ordered group G by P or P = {g ∈ G | 0 g} and each of its members is called positive. Let a, b be elements of an ℓ-group G. Then a Nb ⇐⇒ ∃n ∈ N such that a nb.
From [14] , we know already that the set
b} is a preorder on the set of positive elements of the ℓ-group G . For any element a of P we have that ka ℵ 0 a for all k ∈ N and then a ℵ 0 a, for all a ∈ P . We will have π ℵ0 is reflexive. On the other hand, it is clear that in the ℓ-group G if a ℵ 0 b, then na ℵ 0 b for a, b ∈ P and for all n ∈ N. Therefore, we conclude that if a ℵ 0 b and b ℵ 0 c, then a ℵ 0 c for all a, b, c ∈ P . Now, we see the relation π ℵ0 is reflexive and transitive. By π ℵ0 -classes of the ℓ-group G we mean the classes of π ℵ0 and will be denoted by a 0 , the class of the element a ∈ P . An ℓ-group G is called a full ℓ-group if ∨ ∞ n=1 (na ∧ b) exists for all a, b ∈ P . A partially order group G is called Archimedean if x, y ∈ G and nx < y for all integers n implies x = 0. Now, we will prove the consequences regarding the ℓ-group G if the lattice of its ℵ 0 -classes is a strongly algebraically closed lattice which the lattice of ℵ 0 -classes of G is q ′ -compact. Let us denote the lattice of the ℵ 0 -classes of G by Cl(G). Proof. We know lattice homomorphic image of the lattice of Archimedean classes is distributive. Thus, the lattice of ℵ 0 -classes is distributive lattice with minimal element 0 0 . First we prove that an ℵ 0 -class of an element is closed. Assume that for a set element {a α } there exists ∨ α a α such that
0 and the ℵ 0 -classes are closed. Now, we show that Cl(G) is a relatively complemented. Certainly, we have that a relatively complemented lattice with minimal element is sectionally complemented. Therefore, we will show that Cl(G) sectionally complemented. Let a 0 and b 0 be arbitrary elements of ℵ 0 -classes of G with a
and we will have
So far we proved Cl(G) is a Boolean algebra. But Cl(G) is complete and q
′ -compact and thus Cl(G) is a strongly algebraically closed lattice by ( [10] , Theorem 3.5).
Let x be an element of the ℓ-group G. Recall that the positive part, negative part, and absolute value of x are defined by:
respectively. Two elements x, y ∈ X ⊆ G are called disjoint if |x| ∧ |y| = e. The disjointness of x and y is denoted by x ⊥ y. The subset X of G is called disjoint if any two distinct elements in X are disjoint. The polar of X is defined by
Theorem 1.2. The set of polars of an ℓ-group is a strongly algebraically closed lattice if it is
q ′ -compact.
Proof. To verify that for polars A and B, A ⊆ B if and only if
On the other hand, we know that the Boolean algebra of polars of an ℓ-group is complete, and this property is reflected in its dual space and is an essential ingredient for the representation of an archimedean ℓ-group. So, if G is an ℓ-group, then the set of polars of a G is complete Boolean algebra, Now, by ( [10] , Theorem 3.5), completes the proof.
A complete ℓ-group is ℓ-group in which every bounded set has a least upper bound and greatest lower bound. For example, the additive group (R, +) for all real numbers is such complete ℓ-group.
An ℓ-ideal J of a complete ℓ-group G is closed if and only if it contains, with any bounded subset {x α }, also ∨ x α . Clearly G and 0 are ℓ-ideals of G, they are called improper ℓ-ideals.
Now in the following theorem we prove that the ℓ-ideals of any complete ℓ-group, which are closed in the order topology, is a strongly algebraically closed lattice if it is q ′ -compact. Proof. Note that if H and K are ℓ-ideals of the ℓ-group G, then H ∩ K and H + K are ℓ-ideals of G. Also we have the complemented ℓ-ideals of any ℓ-group G correspond to its direct factors and if G commutative, then its complemented ℓ-ideals are closed under the polarity defined by disjointness. On the other hand, if G is an ℓ-group, then an ℓ-ideal J ⊂ G is closed if and only if it is complemented. Since any intersection of closed ℓ-ideals is closed. We will have that the complemented ℓ-ideals of any complete ℓ-group form a complete Boolean algebra, hence the complemented ℓ-ideals of G is q ′ -compact and so by applying that ( [10] , Theorem 3.5), the complemented ℓ-ideals of any complete ℓ-group is a strongly algebraically closed lattice.
Orthomodular lattices and pseudocomplemente semilattices
Recall that a partially ordered set (S, ) in which any pair of elements a and b of S has a meet a ∧ b is called (meet) semilattice. A semilattice in which every subset has a meet is actually a complete lattice. A pseudocomplemented semilattice (for short, a p-semilattice) is a semilattice S with a least element 0 and a unary operation (the pseudocomplementation)
which is equivalent to saying that for each x ∈ S there exists a largest element x ′ ∈ S such that x ∧ x ′ = 0. Note that any p-semilattice has a greatest element 1 = 0 Proof. We know that if S is a pseudocomplemented semilattice, then
for x, y ∈ S. Therefore, B(S) is a semilattice which is clearly dual for the pseudocomplementation inherited from S. Using ( [6] , Theorem 2.6), B(S) is a Boolean algebra and by ( [6] , Theorem 2.6), B(S) is a complete Boolean algebra. So, B(S) is a strongly algebraically closed lattice [10] .
An ortholattice is an algebra L = (L, ∧, ∨, ′ , 0, 1) in which the following holds:
Let L be a complete orthomodular lattice. A dimensional equivalence relation on L is an equivalence relation ∼ which satisfies: (1) If a ∼ 0, then a = 0, A lattice orthomodular complete with a dimensional equivalence relation is called a dimension ortholattice. In a dimension ortholattice, an element e is said to be invariant if a e, b e ′ and a ∼ b imply a = b = 0. Also, we know the invariant elements of a dimension ortholattice is a complete Boolean algebra and also is q ′ -compact. So, the collection of the invariant elements of a dimension ortholattice is a strongly algebraically closed lattice. Thus, we obtain the following theorem:
Theorem 2.2. The set of invariant elements of a dimension ortholattice is a strongly algebraically closed lattice if it is q ′ -compact.
